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Photothermal effects of gold core-shell nanoparticles and nanorods dispersed in water are theo-
retically investigated using the transient bioheat equation and the extended Mie theory. Properly
calculating the absorption cross section is an extremely crucial milestone to determine the elevation
of solution temperature. The nanostructures are assumed to be randomly and uniformly distributed
in the solution. Compared to previous experiments, our theoretical temperature increase during laser
light illumination provides, in various systems, both reasonable qualitative and quantitative agree-
ment. This approach can be a highly reliable tool to predict photothermal effects in experimentally
unexplored structures. We also validate our approach and discuss its limitations.
I. INTRODUCTION
In recent years, much attention has been devoted to
the usage of gold nanoshells and nanorods in photother-
mal therapy due to their wide range of applications [1–
4]. Core-shell nanoparticles have been synthesized to
merge the advantageous properties of these two materials
and achieve plasmonic absorption peaks in near-infrared
regime. However, this design has been associated with
particle size. Sub-100-nm nanoparticles are effective drug
delivery carriers [5–7]. Particles greater than 100 nm in
diameter poorly penetrate membranes and may adhere
to blood vessels and biological organs [6]. While small
gold nanorods have an additional absorption peak com-
pared to their spherical counterparts [8] within the near-
infrared window, two surface plasmon resonances corre-
spond to transverse and longitudinal modes. The desired
position of absorbance maxima can be accurately tuned
using current technological advancements [9]. These gold
nanostructures can absorb optical energy from incident
laser light to heat and eradicate, locally and selectively,
unhealthy cells with sizes less than 50 nm. The light-
induced heating of gold nanoparticles generates acoustic
waves which have been used in a new depth optoacoustic
imaging technique with high resolution for non-invasive
diagnostic techniques [10, 11]. The high efficiency of
the surface plasmon absorption of gold nanostructures
enhances the ultrasonic emission of the contrast. Gold
nanoparticles can also penetrate cell membranes [12, 13]
and are one of the most promising drug delivery vehicles.
II. THEORETICAL BACKGROUND
In this work, we present a comprehensive model to
describe the spatial and temporal temperature increase
under laser exposure of gold nanoshells and nanorods
∗ adphan35@gmail.com
in aqueous solutions. The absorbed optical energy is
strongly dependent on the absorption cross section cal-
culated using the extended Mie theory.
A. Mie theory for gold core-shell nanostructure
Applying the Mie approach to the core-shell
nanospheres provides [14, 15]
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where Rc and Rs are the inner and outer radius of the
core-shell nanostructure, respectively, and Vn and Un are
determinants, jn(x) is the spherical Bessel function of
the first kind, yn(x) is the spherical Neumann function,
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2Ψ(x) = xjn(x) and ξn(x) = xyn(x) are the RiccatiBessel
functions. Analytical expressions of UTEn and V
TE
n are
achieved by substituting the permeability for the dielec-
tric function in Eq.(2). The dielectric functions of core,
shell and surrounding (water) medium of the core-shell
nanoparticles are εc, εs and εm ≈ 1.77, respectively. The
wavenumber is ki = 2pi
√
εi/λ with i = s, c, and m. λ is
the wavelength of incident light in vacuum. In our calcu-
lations, the dielectric function of silica (εc) is taken from
Ref.[16], while the dielectric function of gold (εs or εAu)
is described by the Lorentz-Drude model with several os-
cillators [17]
εAu = εs = 1−
fω2p
ω2 − iωΓ0 +
5∑
j=1
fjω
2
p
ω2j − ω2 + iωΓj
, (3)
where f0 and fj are the oscillator strengths, ωp is the
plasma frequency for gold, and Γ0 and Γj are the damp-
ing parameters. All parameters in this model come from
Ref. [17]. However for the shell thickness less than 20
nm, the finite size effect becomes important. This effect
can be added to the model by modifying the parameter
Γ0 ≡ Γ0 + BvF /(Rs − Rc), where vF is the gold Fermi
velocity, and B is the parameter characterizing the scat-
tering processes.
B. Mie theory for gold nanospheroids
The optical absorption cross section of a gold
nanospheroid can be calculated by the extended Mie-
Gans theory [8]
Qabs =
2pi
3λ
√
εmIm(αa + αb + αc), (4)
where αj is the polarizability of the ellipsoid along j di-
rection, where j = a, b, c refers to characteristic lengths
of the ellipse, and a and c are the semi-major and semi-
minor axis, respectively. The calculations have also been
widely applied to explain the absorption spectrum of
nanorod as the spheroid is prolate. According to the
extended Mie theory [8], αj is expressed by
αj(ω) =
4piabc
3
εAu(ω)− εm
εm + Lj(εAu(ω)− εm) , (5)
where Lj is a factor responsible for the ellipsoid shape.
For an prolate spheroid (a > b = c),
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where e is the ellipticity given by e =
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Lb = La, Lc = 1− 2La. (7)
The damping parameter of gold nanorods is given by
Γ0 ≡ Γ0 + BvF /Leff , where Leff = 4Vs/S, Vs is the
volume and S is the surface area of the nanospheroids
[18].
C. Plasmonic heating
Laser light with a wavelength in the NIR region can
penetrate water and biological tissue to excite the surface
localized resonance of metal nanostructures. In our cal-
culations, we use the 808 nm laser light, similar to most
experiments. The nanostructures absorb optical energy
and dissipate to the heat. We assume that the efficiency
of the light-to-heat conversion is 100 % and the particles
are randomly distributed in an effective spherical region
of radius R. The radius R is estimated by a radius of
a sphere with a volume of measured suspensions. The
temperature rise in the experimental samples under the
laser light illumination is described by two distinct but
strongly correlated processes: heat dissipation from par-
ticles and the convective heat transfer in medium. The
time-dependent temperature increase ∆T (r, t) is theoret-
ically modeled by the Pennes bioheat transfer equation
[19, 20] in spherical coordinates
1
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, (8)
where k and κ = k/(ρc) are the thermal conductivity and
thermal diffusivity of the medium, respectively, ρ is the
mass density, c is the specific heat, τ is the perfusion time
constant, A = NQabsI0 is the heat source density due to
absorbed energy on metal nanoparticles, N is the number
of particles per unit volume in the samples, and I0 is
an irradiation intensity. The heat source generation is
thermally localized within the effective spherical region.
Outside the area, there is no absorber to generate heat.
Thus, Eq.(8) can be recast by
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The temperature variation and its spatial derivatives
have to be continuous at r = R. General solution of
Eq.(9) can be analytically solved with the these bound-
ary conditions to obtain temporal and spatial tempera-
ture distributions in the spherical region. The temper-
ature at the center of the localized spherical domain of
nanoparticles is assumed to be measured using thermal
probes [19, 20]. The temperature at r = 0 is
3∆T (r = 0, t) =
A
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]
. (10)
III. NUMERICAL RESULTS AND
DISCUSSIONS
To verify the validity of our theoretical analysis, we
compare our calculations with prior experiments [21–23]
which were carried out for gold nanoshells and nanorods
dispersed in water. The perfusion time of water is ap-
proximately 2000 s. For silica-gold core-shell nanoparti-
cles, the parameter B is fixed at 1.5 while B can be 0 or
0.33 for gold nanorods [18].
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FIG. 1. (Color online) Temperature rise calculated by our the-
oretical model (solid lines) and experiments (dashed-dotted
lines) for hybrid silica-gold core-shell nanoparticles with the
core size of 120 nm and the gold shell thickness of 15 nm
synthesized in Ref.[21]. The concentration N ≈ 3.5 × 1010
particles/ml and the volume V = 2 ml and I0 = 3 W/cm
2.
Figure 1 shows both theoretical calculations and mea-
surements for the temperature rise in Ref.[21]. At wave-
length of 808 nm, Qabs ≈ 42000 nm2 for the gold
nanoshells, and the absorption cross sections of the gold
nanorods with B = 0 and 0.33 are 910 and 660 nm2,
respectively. Our numerical results of the core-shell com-
posite agree relatively well with experiments. The quan-
titative deviation can originate from modeling the solu-
tion droplet containing the core-shell nanostructures in
the experiment as a perfect sphere with radius R. How-
ever, the fact that the droplet is deposited on substrate
and is not perfectly spherical. Whereas there is qualita-
tive but not quantitative agreement between the theory
and experiments of the localized plasmonic heating of the
prolate spheroids. The discrepancies are due to model-
ing the nanorod as a prolate spheroid and neglecting the
particle size distribution in our calculations. The shape
of spheroidal nanoparticles are less square than that of
nanorods. Our numerical predictions of the plasmonic
peak of gold nanorods at around 770 nm (close to exper-
iments) is strongly sensitive to the nanostructure size and
has much smaller bandwidth than experiments. Thus,
using the Mie-Gans theory to compute the absorption of
gold nanorods at 808 nm causes impreciseness in spite of
the fact that the theory can plausibly predict the position
and amplitude of optical maxima.
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FIG. 2. (Color online) Temperature variation of aqueous sus-
pensions of gold nanorods with an average diameter of 9.1
nm on the minor axis and a longitudinal size of roundly 36
nm prepared and characterized in Ref.[22]. The concentration
N ≈ 8.4322 × 1011 particles/ml, the volume V = 100 µl and
I0 = 0.8 W/cm
2.
To justify the validity of our approach to gold nanorod
systems, we compare the theoretical analysis with differ-
ent experiments in Ref.[22] and present in Fig.2. The
computations are carried out by setting B = 0.33 to ob-
tain the localized surface plasmon resonance at 808 nm
and Qabs = 553 nm
2. The numerical results provide
both qualitative and quantitative agreement experimen-
tal data. This finding suggests that our model for gold
nanorod system works well when the wavelength of the
illuminating laser light coincides with the peak plasmon
resonance.
Different comparisons between our proposed theoret-
ical model for gold nanoshell suspensions with experi-
ments in Ref.[23] implemented at different concentrations
(1x, 2x and 5x) are shown in Fig.3. The scattering Mie
calculations predict Qabs = 40800 nm
2 at 808 nm. Pass-
able agreements between theory and experiments is read-
ily apparent by observing the 1x and 2x concentration of
the gold nanostructure. At higher densities, the disagree-
ment becomes increasingly more remarkable. There are
several explanations for the phenomemon. Our analysis
reveals the linear increase of the steady-state tempera-
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FIG. 3. (Color online) Temperature change calculated by
our theoretical model (solid lines) and experiments (dashed-
dotted lines) for nanoshells with 20 nm gold thickness on a
silica core with a radius of 60 nm studied at various con-
centrations in Ref.[23]. The concentration x = 1.14 × 109
particles/ml, the volume V = 260 µl and I0 = 2 W/cm
2.
ture rise as the laser intensity is increased correspond-
ing with conclusions found in previous theoretical and
experimental studies [20, 24–26]. However, the experi-
mental data in Fig.3 contradicts this finding. One pos-
sibility is that experimental errors influence the reliabil-
ity of Ref.[23]. Another possibility is that our assump-
tion of perfect light-to-heat conversion and disregard of
the plasmonic scattering effects may be invalid in some
cases. Authors in a prior work suggest that the nearly
perfect energy conversion efficiency is expected for small
nanoparticles, whose the scattering cross section is sev-
eral orders of magnitude smaller as compared the ab-
sorption cross section [8]. For larger nanoparticles, the
scattering effects on the plasmonic heating become dom-
inant and the transduction efficiency of energy conver-
sion is expected to be smaller. These effects can be a
direct consequence of the deviation between theory and
experiment. Systematic future experiments are needed
to confirm the limitation of our model.
IV. CONCLUSIONS
In summary, we have shown the theoretical analysis
for optical properties and photothermal heating of gold
nanorods and nanoshells dispersed in water. The ab-
sorption cross section of the nanostructures is investi-
gated using the Mie and Gans theory. Gold nanoshells
and nanorods effectively harvest optical energy of near-
infrared light at 808 nm in different laser intensities and
are assumed to perfectly dissipate the energy into sol-
vent medium. Under laser light illumination, we predict
an approximate linear steady-state temperature increase
with the growth of the laser intensity and nanostructure
concentration. Our numerical results agree well with ex-
perimental data of previous papers. In the case of gold
nanorods, illuminating the system with a laser light of a
non-resonant wavelength can trigger considerable differ-
ence between our approach and experiments. Experimen-
tal error is also a possible main reason for the discrepancy
and it is necessary to have more experimental studies in
the future to benchmark our photothermal model.
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